
Definition of s-Polarized and p-Polarized Wave
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Later we will study the propagation when space is divided into two, so we introduce the unit vectors of s-polarized and p-
polarized electric fields.

Similarly, for 𝑧𝑅 < 0, we can also define the corresponding unit vectors of s- and p- electric fields.

We can prove:



Physical Picture of the Spectral Representation
Similarly, for 𝑧𝑅 > 0, we can also define the corresponding unit vectors of s- and p- electric fields.

Therefore:

where:[Principles of Nano-Optics by Lukas Novotny 
Eq.(10.15)]
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We can also prove:



Dyadic Green’s Function for Two Layer 
Medium [Spectral Representation]

𝐫

𝐫′

𝜖r,𝑖(𝜔)

𝜖r,𝑗(𝜔)

෡ഥ𝐊+

෡ഥ𝐊−

෡ഥ𝐊+

Electric field propagates along purple path: 

Electric field propagates along green path: 

where:

Therefore:

We can prove that                         has the same form for 𝑧 < 𝑧′. 
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(see Lecture note by K. 
Sarabandi )

http://www.eecs.umich.edu/courses/eecs730/lect/DGFStratM_W09_port%20(3).pdf
http://www.eecs.umich.edu/courses/eecs730/lect/DGFStratM_W09_port%20(3).pdf


Boundary Condition 
Maxwell’s equations in 
time domain (curl part):

(a)

ෝ𝐧𝑆

ෝ𝐧

We apply Stokes' theorem on the left-hand side of 
equation:

When 𝑆 → 0:

𝑑𝑥

𝑑𝑦

where: 𝐫 ∈ 𝜕𝐷𝑖𝑗

(b)

Integration paths for the derivation of the 
boundary conditions on the interface 𝜕𝐷𝑖𝑗 

between two adjacent domains 𝐷𝑖  and 𝐷𝑗.

Maxwell’s equations in time 
domain (divergence part):

We apply Gauss's theorem 
on the left-hand side of 
equation:

When 𝑉 → 0:

where: 𝐫 ∈ 𝜕𝐷𝑖𝑗

ෝ𝐧

[Principles of Nano-Optics by 
Lukas Novotny Eq.(2.39)-
(2.42)]
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𝐳

𝑂
෡ഥ𝐊−

⊙

𝐄in 𝐫, 𝑡 = 𝐄in𝑒𝑖 𝐤in⋅𝐫−𝜔in𝑡 𝐄re 𝐫, 𝑡 = 𝐄re𝑒𝑖 𝐤re⋅𝐫−𝜔re𝑡 𝐄tr 𝐫, 𝑡 = 𝐄tr𝑒𝑖 𝐤tr⋅𝐫−𝜔tr𝑡

The boundary condition of Maxwell’s equations give:ො𝒛 × 𝐄in 𝐫, 𝑡 + 𝐄re 𝐫, 𝑡 = ො𝒛 × 𝐄tr 𝐫, 𝑡
(for all time 𝑡 and all 
boundary points 𝐫)

ො𝒛 × 𝐄in𝑒𝑖 𝐤in⋅𝐫−𝜔in𝑡 + ො𝒛 × 𝐄re𝑒𝑖 𝐤re⋅𝐫−𝜔re𝑡 = ො𝒛 × 𝐄tr𝑒𝑖 𝐤tr⋅𝐫−𝜔tr𝑡 Implies the incident, reflected, and 
transmitted wave have the same polarization 
direction. 

At 𝐫 = 0: 

Then the phase matching gives 𝑖 𝐤in ⋅ 𝐫 − 𝜔in𝑡 = 𝑖 𝐤re ⋅ 𝐫 − 𝜔re𝑡 = 𝑖 𝐤tr ⋅ 𝐫 − 𝜔tr𝑡

−𝑖𝜔in𝑡 = −𝑖𝜔re𝑡 = −𝑖𝜔tr𝑡 (for all time 𝑡) ∴ 𝜔in = 𝜔re = 𝜔tr ≡ 𝜔0

At 𝑡 = 0: 𝑖𝐤in ⋅ 𝐫 = 𝑖𝐤re ⋅ 𝐫 = 𝑖𝐤tr ⋅ 𝐫 (for all boundary points 𝐫) ∴ 𝐤in ⋅ 𝐫 = 𝐤re ⋅ 𝐫 = 𝐤tr ⋅ 𝐫

Law of reflection: 𝐤in 𝐫 cos
𝜋

2
− 𝜃in = |𝐤re| 𝐫 cos

𝜋

2
− 𝜃re

𝐄re 𝐫, 𝑡

𝐳

𝑂

𝐄in 𝐫, 𝑡

𝐄tr 𝐫, 𝑡

𝜃in

𝐲

𝐱

𝜃re

𝜃tr

∴

where: 𝐤in =
𝜖r,𝑖𝜔0

𝑐

sin 𝜃in = sin 𝜃re 𝜃in = 𝜃reor

Law of refraction:

⊙

Law of Reflection and 
Refraction: 𝜖r,𝑖

𝜖r,𝑗Without loss of generality, the incident, reflected, and 
transmitted electric field are monochromic plane waves.

𝐤in 𝐫 cos
𝜋

2
− 𝜃in = |𝐤tr| 𝐫 cos

𝜋

2
− 𝜃tr ∴ 𝜖r,𝑖 sin 𝜃in = 𝜖r,𝑗 sin 𝜃tr or 𝑛𝑖 sin 𝜃in = 𝑛𝑗 sin 𝜃tr5



Fresnel Equations of s-Wave 𝐄re 𝐫, 𝑡

𝐳
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⊙
𝐄in 𝐫, 𝑡 = 𝐄in𝑒𝑖 𝐤in⋅𝐫−𝜔0𝑡

𝐄re 𝐫, 𝑡 = 𝐄re𝑒𝑖 𝐤re⋅𝐫−𝜔0𝑡

𝐄tr 𝐫, 𝑡 = 𝐄tr𝑒𝑖 𝐤tr⋅𝐫−𝜔0𝑡

𝐄in 𝐫, 𝜔 = 𝐄in𝑒𝑖𝐤in⋅𝐫𝛿(𝜔 − 𝜔0)

𝐄re 𝐫, 𝜔 = 𝐄re𝑒𝑖𝐤re⋅𝐫𝛿(𝜔 − 𝜔0)

𝐄tr 𝐫, 𝜔 = 𝐄tr𝑒𝑖𝐤tr⋅𝐫 𝛿(𝜔 − 𝜔0)

∵

For s-wave, 𝐄in
𝑠 𝐫, 𝜔 = 𝐸in

𝑠 ෝ𝒙𝑒𝑖𝐤in⋅𝐫𝛿(𝜔 − 𝜔0)

⊙

𝐄re
s 𝐫, 𝜔 = 𝐸re

s ෝ𝒙𝑒𝑖𝐤re⋅𝐫𝛿(𝜔 − 𝜔0) 𝐄tr
s 𝐫, 𝜔 = 𝐸tr

𝑠 ෝ𝒙𝑒𝑖𝐤tr⋅𝐫𝛿(𝜔 − 𝜔0)

𝐇in
s 𝐫, 𝜔 = 𝐸in

s (𝑘in,𝑧ෝ𝒚 − 𝑘in,𝑦 ො𝒛)𝑒𝑖𝐤in⋅𝐫𝛿(𝜔 − 𝜔0)/𝜔𝜇0

𝐇re
s 𝐫, 𝜔 = 𝐸re

s (𝑘re,𝑧ෝ𝒚 − 𝑘re,𝑦 ො𝒛)𝑒𝑖𝐤re⋅𝐫𝛿(𝜔 − 𝜔0)/𝜔𝜇0

∵ Boundary condition: ∴ 𝐸in
s + 𝐸re

s = 𝐸tr
s∴ ෝ𝒚൫

൯

𝐸in
s 𝑒𝑖𝐤in⋅𝐫 + 𝐸re

s 𝑒𝑖𝐤re⋅𝐫

− 𝐸tr
s 𝑒𝑖𝐤tr⋅𝐫 𝛿(𝜔 − 𝜔0) = 0

∴

𝐇tr
s 𝐫, 𝜔 = 𝐸tr

s (𝑘tr,𝑧ෝ𝒚 − 𝑘tr,𝑦 ො𝒛)𝑒𝑖𝐤tr⋅𝐫𝛿(𝜔 − 𝜔0)/𝜔𝜇0

∵
Boundary condition: ∴ ෝ𝒙 𝐸in

s 𝑘in,𝑧𝑒𝑖𝐤in⋅𝐫 + 𝐸re
s 𝑘re,𝑧𝑒𝑖𝐤re⋅𝐫 − 𝐸tr

s 𝑘tr,𝑧𝑒𝑖𝐤tr⋅𝐫 𝛿 𝜔 − 𝜔0

−𝜔𝜇0
= 0

𝑘in,𝑧𝐸in
s + 𝑘re,𝑧𝐸re

s = 𝑘tr,𝑧𝐸tr
s∴

∵

𝑘in,𝑧 = −𝑘re,𝑧 = 𝜖r,𝑖(𝜔)𝜔2/𝑐2 − 𝑘𝑥
2 − 𝑘𝑦

2 ≡ −𝐾𝑧,𝑖(𝜔)

𝜖r,𝑖

𝜖r,𝑗

𝑘tr,𝑧 = 𝜖r,𝑗(𝜔)𝜔2/𝑐2 − 𝑘𝑥
2 − 𝑘𝑦

2 ≡ −𝐾𝑧,𝑗(𝜔) 𝐾𝑧,𝑖(𝜔)(𝐸in
s − 𝐸re

s ) = 𝐾𝑧,𝑗(𝜔) 𝐸in
s + 𝐸re

s

∴ 𝑅s =
𝐸re

s

𝐸in
s =

𝐾𝑧,𝑖(𝜔) − 𝐾𝑧,𝑗(𝜔)

𝐾𝑧,𝑖(𝜔) + 𝐾𝑧,𝑗(𝜔)

Combining the results in 
two orange boxes: 
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Fresnel Equations of p-Wave 𝐄re 𝐫, 𝑡

𝐳

𝑂

𝐄in 𝐫, 𝑡

𝐄tr 𝐫, 𝑡

𝜃in

𝐲
𝐱

𝜃re
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𝑂
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For p-wave, 𝐄in
p

𝐫, 𝜔 = 𝐸in
p

ො𝒆p(ഥ𝐊−
𝑖 )𝑒𝑖ഥ𝐊−

𝑖 ⋅𝐫𝛿(𝜔 − 𝜔0) 𝐄re
p

𝐫, 𝜔 = 𝐸re
p

ො𝒆p(ഥ𝐊+
𝑖 )𝑒𝑖ഥ𝐊+

𝑖 ⋅𝐫𝛿(𝜔 − 𝜔0) 𝐄tr
p

𝐫, 𝜔 = 𝐸tr
p

ො𝒆p(ഥ𝐊−
𝑗 )𝑒𝑖ഥ𝐊−

𝑗
⋅𝐫𝛿(𝜔 − 𝜔0)

where:

∵ Boundary condition:

∵
𝑖𝜔𝜇0𝐇in

p
𝐫, 𝜔 = 𝑖ෝ𝒙𝐸in

p 𝑘𝑦
2 + 𝐾𝑧,𝑖

2 𝜔

𝑘𝑖 𝜔
𝑒𝑖ഥ𝐊−

𝑖 ⋅𝐫𝛿 𝜔 − 𝜔0 = 𝑖ෝ𝒙𝐸in
p 𝑘𝑖

2 𝜔

𝑘𝑖 𝜔
𝑒𝑖ഥ𝐊−

𝑖 ⋅𝐫𝛿 𝜔 − 𝜔0

𝑖𝜔𝜇0𝐇re
p

𝐫, 𝜔 = 𝑖ෝ𝒙𝐸re
p 𝑘𝑦

2 + 𝐾𝑧,𝑖
2 𝜔

𝑘𝑖 𝜔
𝑒𝑖ഥ𝐊+

𝑖 ⋅𝐫𝛿 𝜔 − 𝜔0 = 𝑖ෝ𝒙𝐸re
p 𝑘𝑖

2(𝜔)

𝑘𝑖 𝜔
𝑒𝑖ഥ𝐊+

𝑖 ⋅𝐫𝛿 𝜔 − 𝜔0

𝑖𝜔𝜇0𝐇tr
p

𝐫, 𝜔 = 𝑖ෝ𝒙𝐸tr
p 𝑘𝑗

2 𝜔

𝑘𝑗 𝜔
𝑒𝑖ഥ𝐊−

𝑗
⋅𝐫𝛿 𝜔 − 𝜔0

𝐸in
p 𝐾𝑧,𝑖(𝜔)

𝑘𝑖(𝜔)
+ 𝐸re

p −𝐾𝑧,𝑖(𝜔)

𝑘𝑖(𝜔)
= 𝐸tr

p 𝐾𝑧,𝑗(𝜔)

𝑘𝑗(𝜔)
∴

∴

∵ Boundary condition:

𝐸in
p

𝑘𝑖 𝜔 + 𝐸re
p

𝑘𝑖 𝜔 = 𝐸tr
p

𝑘𝑗 𝜔

Combining the results in two orange boxes: 

∴ 𝑅p =
𝐸re

p

𝐸in
p =

𝑘𝑗
2(𝜔)𝐾𝑧,𝑖(𝜔) − 𝑘𝑖

2(𝜔)𝐾𝑧,𝑗(𝜔)

𝑘𝑗
2(𝜔)𝐾𝑧,𝑖(𝜔) + 𝑘𝑖

2(𝜔)𝐾𝑧,𝑗(𝜔)

=
𝜖r,𝑗(𝜔)𝐾𝑧,𝑖(𝜔) − 𝜖r,𝑖  (𝜔)𝐾𝑧,𝑗(𝜔)

𝜖r,𝑗(𝜔)𝐾𝑧,𝑖(𝜔) + 𝜖r,𝑖(𝜔)𝐾𝑧,𝑗(𝜔)
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The Dyadic Green’s Function in Cylindrical Coordinates

where:

𝑅p =
𝜖r,𝑗(𝜔)𝐾𝑧,𝑖(𝜔) − 𝜖r,𝑖  (𝜔)𝐾𝑧,𝑗(𝜔)

𝜖r,𝑗(𝜔)𝐾𝑧,𝑖(𝜔) + 𝜖r,𝑖(𝜔)𝐾𝑧,𝑗(𝜔)
𝑅s =

𝐾𝑧,𝑖(𝜔) − 𝐾𝑧,𝑗(𝜔)

𝐾𝑧,𝑖(𝜔) + 𝐾𝑧,𝑗(𝜔)

In cylindrical 
coordinates:

where:

∴

𝑅s(𝑘𝜌, 𝜔) = 𝑅s

𝑅p(𝑘𝜌, 𝜔) = 𝑅p

8
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ො𝐲

𝜙



S-Wave in Cylindrical Coordinates

where: Define a rotation matrix:

Use the integral 
representation of 
Bessel function:

We can derive:

9



S-Wave in Cylindrical Coordinates

where:

and

∴

𝑅s(𝑘𝜌, 𝜔) =
𝐾𝑧,𝑖(𝑘𝜌, 𝜔) − 𝐾𝑧,𝑗(𝑘𝜌, 𝜔)

𝐾𝑧,𝑖(𝑘𝜌, 𝜔) + 𝐾𝑧,𝑗(𝑘𝜌, 𝜔)

10



P-Wave in Cylindrical Coordinates

where:

Use the same 
rotation matrix:

Use the integral 
representation of 
Bessel function:

11



P-Wave in Cylindrical Coordinates

where:

and

∴

𝑅p(𝑘𝜌, 𝜔) =
𝜖r,𝑗(𝜔)𝐾𝑧,𝑖(𝑘𝜌, 𝜔) − 𝜖r,𝑖  (𝜔)𝐾𝑧,𝑗(𝑘𝜌, 𝜔)

𝜖r,𝑗(𝜔)𝐾𝑧,𝑖(𝑘𝜌, 𝜔) + 𝜖r,𝑖(𝜔)𝐾𝑧,𝑗(𝑘𝜌, 𝜔)
12



Summary
𝐫

𝐫′

𝜖r,𝑖(𝜔)

𝜖r,𝑗(𝜔)

𝜌

𝑧

𝑧′

𝑅p(𝑘𝜌, 𝜔) =
𝜖r,𝑗(𝜔)𝐾𝑧,𝑖(𝑘𝜌, 𝜔) − 𝜖r,𝑖  (𝜔)𝐾𝑧,𝑗(𝑘𝜌, 𝜔)

𝜖r,𝑗(𝜔)𝐾𝑧,𝑖(𝑘𝜌, 𝜔) + 𝜖r,𝑖(𝜔)𝐾𝑧,𝑗(𝑘𝜌, 𝜔)

𝑅s(𝑘𝜌, 𝜔) =
𝐾𝑧,𝑖(𝑘𝜌, 𝜔) − 𝐾𝑧,𝑗(𝑘𝜌, 𝜔)

𝐾𝑧,𝑖(𝑘𝜌, 𝜔) + 𝐾𝑧,𝑗(𝑘𝜌, 𝜔)

where:

and

and and
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